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Priorto statingArtin's theorem weshalldefinethenotion on charactersandrings

Definition1 character

From P G GLCV be a linear representation of finitegroups

to thevectorspace V wetake X 1st Tr Ps as thecharacterof P seG

Proposition 1.1 if Phasdegree n i X ll n since we have dim v n

P 11 L and Trit n Iii X S
1 151useG we set i be theeigenvalue

then 15 Tr E ni Tries Tries1 15

Iii X Est X s t.SE G set a ts let TrcUv Treval

By iii letus recallclassfunctions a function f on G is called a class function

if f Tst f s s.tt G

Definition 2 Induced representation andcharacters

Let H G be a subgroup Rbe a system of left losets for H

V G module W sub E a moduleof V then V is induced by w

it V step5W Here we may reform W I G YeahW

i e the inducedrepresentation India inwhichcan be gottenfromW by
scalarextensionfrom 14 module to EEG

Remark Everyrepresentation of G defines a uniqueleft a modulewhere6 a

is a groupring of formal sums of elementsof Gwith complex coefficients

i e G G is the algebraGover I for each f e E G canbeuniquely

written as f as fast


































































Furtheron class function let f be a classfunction on H if we have

f qq.LT
thestt then f Indifft ie f is inducedby f

Proposition 2.1 il f is a classfunction on G ii If f is a character
of W of H G Indi f is also a character of IndiW of G

Observethateachclassfunction is a linear combination of characters if

9,42 beclass functions on G then 41,42 a If 4 5 9215 sea

If V1V2 be two a modules then viV2 a dimHom VIV2

Lemma2.2 Using prop2.1 441,42 a Lvi Vasa byorthogonality

Theorem2.3 LetYbe a classfunctionon H Q be a class function on G then

4 Resy Indu 4 a in fact this gives us

to the formula Ind14 Resce Indy 4 A

Definition 3 Thering R G

From a finitegroup G letX 4hbedistinctirreduciblecharacters

Then a classfunction F on G is a character if andonly if F nix for nie

Let us denote RtG FCE's4 7151 tSEG F Σ nitefor nie It and

Ria DX 2 2 thegroupgeneratedbyRtcal HeretheelementKERG

iscalled a virtualcharacter and R G1 C Fe16 is a subting

Proposition3.1 If H EG then 111 Res R G RCH Iii Ind RCH RCG

is a ringhomomorphism by Frobenius reciprocity

Furthermore by theimageof Ind R Hl R G is an ideal of RG


















  Artin’s Theorem

Proposition 3.2 If we have commutative ringA i and ii from prop3.1

extended by linearity to A linearmaps

i A Res A RIG A R H

i A Ind A RCH A Ria

Wemayuse 1 forArtin's theorem

Theorem4 LetXbe a familyof the G subgroups Ind RCH Rca

bethe homomorphism then i Gistheunionof the conjugatesof thesubgroups

belongingto and ii thecokernelof Ind net R
H R G is finite

By det 3 since R G is finitely generated as a group we mayrephrase

as Ii foreach character of G there exist virtual charatersXnE R H

where HEX and an integer d 1 such that dx 9 Indi Xn
Proof4.1 Wewant to show ii i

suppose ill is satisfied Wefirstseethat Coker Ind R G Image Ind

is finite so Coker Ind 1 2 00 Let S be theunion of conjugates

of the subgroups HE X.ie 5 µg
545 Then for any fu E R H

each function of the form Σ Ind fat vanishes off 5 Indeed by Ii

where Real DX a virtual characterand for each Real we have

If I Ind XH I Indi Xml
area iagen Indi1 4

suchthatvirtual characters Xn E R H exists Since d 1 is an integer



anyfunctionof the form Σ Indi Xn vanishes off on 5 ii is already

satisfied eachclass function on G also vanishes off on 5 hence wefind

5 454s G and this clearly implies lil

Proof 4.2 We want to show it ii

Prior to proceed we may use fromproposition 3 2 Suppose i

is satisfied then Q Ind Q R H Q Rial is surjective

This is equivalent to Ind 6 R H R G hence

byduality I Res QQReal ate 6 RCH is injective

so if fEG is a classfunction inwhich restricts to 0 on eachcyclicsubgroup

it isclearly zero the lokernel is finite

Let A G is cyclic and satisfies it then each EG is a linearcombination

with inefficient Q in which inducedby XA of A

We definepropositions below to prove thetheorem

Proposition4.2.1 Letus construct a function OA where A G cyclicwithordera

O ferates
A Now if 161 9 finite then g fi Indi Oa

Notethat g is a constant function thatequals to the
order of G We take

O'A Σ OA 179 foreach Yeh 4 9 EA

a Σ I since yeG and yxy generatesA

since this is unique If 0h14 fi 1 9



Proposition 4.2.2 Suppose A G iscyclic then OA E R A

Byprevious proposition fIndfcoal OatoffIndf1dB
a_

Here bystronginduction for BFA we have OB E R B
sothat IndfOB RCA

conversely for a cRCA we also see that OA RCA

We then use prop 4.2.1 and 4.2.2 to show i II

Now considerA C YAY

Ind RIA R G to Ind RCA Real theimage of India is

clearly contained in Image Ind So OA and by previous

propositions we haveseen that g If Ind Oal where OA ER A
9 Image Ind Infact by proposition 3.1 Image Indit is an

ideal of R G Hence for each XER G thisimage Indi contains

every element of the form gx.ie we have g I be positive integer

there exist some virtual characters XA RCA AEG such that

9 If Indi Xa This implies Ii


