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Preliminary

Prior to stating Artin's theorem, we shall define the notion on ‘harscters’ and (”‘”3 5

Definition | : Character
From P: G — GL(V) be a linear representation of finite grovp 4

o the vector space V , we fake Xoe(s) = Tr(Ps) as the charucter of €, Yseq,
Proposition 1.1 % (€ € has degree N =) (i) XD =N $in€ we have dimcv) ="
pcy =1 and ™Cl) =1 (ji) 7((5") = 7((?)7 vseh we set Az be the eigenvalue,
ten Z(5)=Tr(Ps)= STX, =3 &7 = Tr(ed) = Tr(fs) = X(S™)
(iii) Z (€5t ) =X (5), ¥E:5€ G Get y=ts, v=t'= Trew)= Tt vu)

By (i), let us recall class functions = a function fon Gis called o “Class function’
€ ftst) = £(9) Hstet

Definition L : Induced representation ond characters

let H <G be o Subgroup 5 R be o system of left cosets for H

; V=C(6]-module (N =5ub- CL6T-mpdule of V , Then \/ is induced by W

& Ve © s ere, we ey retorm = CL6T QW

e the induced representation V = Inés W in which can be gotten &rom W by
scalar extension £rom € [H]-module to CLG 7.

Hemark - Fvery representation of i defines a unique (et CLGT-medule where 4]

s a group ring of formal sums of elements of G with complex eoebbicerts

re. € [G] is The OJﬁebra G over € , for each :Fé ﬁ[&] can be uniquel/

wrtten as 3(= Z QsS5 ¥ ads e C
Sebk



Further on class Lunction : [et 3C be & ¢lass Lunction on H , (£ we have

= LY THEst) | then = Tadi(F) e dis indued by f
1é6
tlsteH

Proposition 2.1 (i) § is o class functim on G () 16 fis a character
ol W ot N6, Tad OCF) s also o chamcter of Tndyt (W) of G
Observe that each class function is a inear combination of characters i£
9 @, be class functions en G, then (9,95 = ﬁ g‘ﬂ“d)‘()z“) ,¥seaq
1€ UV, be two CLGT-modales  then CViVadq = dim Hom ¢ U Va )
lemma 2.2 = Using prop 11, <@, @a%, = <ULVady by orthogonality
Theorem 2.3 : Let ¥ be o classdunction on H, @ be a class funclion on G Then
¢V, Res@y, = <Ind@, VD ¢ in fact, his gives us
to the Lormula Tnd (P Res@) =(Ind W)@ - )
Deéinition 3: The ving R ()
From o finife qroup G , Jet »,,.., L be distinct irreducible characters
Then o class Gunction | on G is o character f and onk i€ F=Y Wl fr mez'
let us denste R'(G) = {F(E'St)=F() ¥tseh | F= oMb br nie Z') 4ol
R(G) = 27,® +--® Ly,  the qroup qencrated by R'(6) Here the element k €R)
is called a(UirTUa] c)')aradelj ’ and R(G) C fc (6) is a Suancl |
Proposition 3| : 16 H <G then (i) Res : R(4) —> RCH) (i) Ind : R(H) = R(4)
is o ving homomor phism by Frubenius recprocity

Furfhermtore | by (*7, the image of Tod: R(H) — R(G) is an ideal of K(&)



Oropusition 2.1 : 14 we have commutative ring A , (i) and (i) fom prop 3|
extended by lineart) to A -linear maps -
() A@Res : AR(G) — A®RWM) | Cox)
() A®Td - AQRMH) — A® R(6)

We mey use (#%) for Artin's thepren

Artin’s Theorem

Theorem 4 |et X be o famil of Hi £ G subgroeps ; Tod: @ R(H) —R@)
HEX

be the homomorphism , hen (i) [ is e union of e conjugotes of the subqroups

belonging to X and (i) the cobemel ot Tnd : @ RO —> R(0) s finite
Mé

By del 3, since R(&) is (mitely qenerated as o group, we maj rephise

s Gi)‘ for each character X of G, there exict virfual cheraters YL, € R(H)

where ME X, and an integer d > 1 cude thet dy = 7 Tndy (%)
HeX

Provt A.1. We want fo show Gi) = ()
Guppose (i) is satistied . We 4rst see thot coker (Ind) = R(a)/[m%e (1ad)

(s Lnite 50 (Co(cerCInJ)\ £ oo let 6 ke the unwn of (onju gates

of the Subqroups He X e, 5= U 9%-', Then Hor ony fiy € R(H)

seh
HeX

ecch Lunction O£ the £orm ZI Iﬂclf:<’FH) yanishes otf 6 InJeec[ L-;l Gl')l

A
where R(G) = @ZY; s virfual chamcter, and for each X € R(a) we have

<=l

) | [ 6
K2 D Tl = 3 Indi () - In(ﬁ)/lm«ﬂeana)lm“ (%)

He X HeyY

such fhot victual characters Xy € R(H) exists, Since 421 is an integer,



ony —(uncfion of the *(orm Z Inéi (Xu) vanishes off on & (i) (s already

satisled eack class functin on G also vanishes off on S ; hence , we find

S = uLe)x SHet — G and his cleartj implies (i) 4
Seh

Pool 4.2, We want to show (1) =) Gi)

Pror to procced, we may wse (¥#) Lrom proposition 3.2 Suppose (i)
(5 Sotisfied | then Q) ® Tnd : H@ W ORM) — @ ® R(G) is surjective
Tuis i5 equivlent to C® Tnd: @ C @ R(H) — (@ R(4); hence,

HeX
L‘} duaity, € ® Res: € ®R(a) — H(-D C ® R(H) is injective
/ C—'K .
50 if feG is a cluss Cunction in whick restricts to O on each cydic subgroup
itis denrl) zero | The cokemel is Finite.

let A 2 G is ¢foic ,and satisfies (i),then each L € G is a )inear combination

with coellicients €@ i which jnduced by Xa of A

wWe define propositions below fo prove the theoem

Proposition 4.2.1. let us constuct a function 9y here A £ 6 cyclic with order @
19, = (a)i% z qenersdes A gy 6 |Gl =9 finite, then g = > [ﬂgz (da)

o , viherwise A LG

Note that q is « consfant Lunction Thot eoLuals 1o the order of G We ke
Op = "c‘(_“ Z . Oa (‘17‘{‘) for eacdk x,4 €0, 4yz9? e A .
— D, = Z ] since 4ebh and “i"‘i'l csenemfesA'

(98

since. this (s uniiut?/ Z 9;(1) = Z" | = %

At 1e¢a

i



Proposition 4.L.2. Suppose A<G is c1clic, then Ba E R(A).
. . A
By previous pro position ZLJ: (9g) = Oy + Z Tady (Gg) = A .
B<A

B+A

Here, by stong induction, for g#A we have 0o € R(B) so thal Indj (85)€ REK)
Conversely , for acR(A) we also we that 9r € R(A)

we then uce prop 4.2 and 422, to show (i) = (ii )

NowW , consider A < 4Ay" ;.6 the conjugqate of A then we observe Lrom
Tnd : R(A) — R(G) to Tnd: R(A) — R(4) the image of Inéj\ s

clearly contained in  Imaqe ( Ind 6;\ ). %0 X = /&2& Or  and by previous
propusitions, we have seen that q= AZé;InJi'(OA) where Q4 € RCA) |

q € Lmage (InJﬁ) . In dact, by propusitin 3.1, Tmage (InJZ) is an
deal of RCG) . Hence, for each X €R(G), fis image (Tady) corlalns
every element ok e foom gk e we have 9421 be positive integer,
hee exist come virfual charncters Ky € R(A) |, ALG | such Thal

Goe = 5 Tndg (Ka) . This implies (i)'

AcX



